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1 Introduction and preliminaries 



A quantum mechanical system is described by a C*-algebra, the dynamical variables 
(or observables) correspond to the self-adjoint elements and the physical state of the 
system are modelled by the normalized positive functionals of the algebra, see [HE]. 
The evolution of the system A4 can be described in the Heisenberg picture in which 
an observable A & Ai moves into a{A), where a is a linear transformation, a is an 
automorphism in case of the time evolution of a closed system but it could be the 
irreversible evolution of an open system. The Schrodinger picture is dual, it gives 
the transformation of the states, the state G Ai* moves into ip o a. The algebra 
of a quantum system is typically non-commutative but the mathematical formalism 
brings commutative algebras as well. A simple measurement is usually modelled 
by a family of pairwise orthogonal projections, or more generally, by a partition of 
unity, {Ei)2^^. Since all Ei are supposed to be positive and ^^Ei = J, /3 : C" — > 
A4, (-21, Z2, . . . , Zn) ^— > ZiEi gives a positive unital mapping from the commutative 
C*-algebra C" to the non- commutative algebra M.. Every positive unital mapping 
occurs in this way. The essential concept in quantum information theory is the state 
transformation which is affine and the dual of a positive unital mapping. All these 
and several other situations justify to study of positive unital mappings between C*- 
algebras from a quantum statistical viewpoint. 

If the algebra M. is "small" and M is "large", and the mapping a : M. Af 
sends the state ip of the system of interest to the state ip o a aX our disposal, then 
loss of information takes place and the problem of statistical inference is to reconstruct 
the real state from partial information. In this paper we mostly consider parametric 
statistical models, a parametric family S := {ipe : 9 G 0} of states are given and on the 
basis of the partial information the correct value of the parameter should be decided. 
If the partial information is the outcome of a measurement, then we have statistical 
inference in the very strong sense. However, there are "more" quantum situations, to 
decide between quantum states on the basis of quantum data, see Example IHl below. 
The problem we discuss is not the procedure of the decision about the true state of 
the system but we want to describe the circumstances under which this is perfectly 
possible. 

The paper is organized as follows. In the rest of this section we summarize the 
relevant basic concepts both in classical statistics in the non-commutative framework. 
Section 2 is about sufficient subalgebras, or subsystems of a quantum system. Most of 
the result of this section has been known but we give a complete presentation and in our 
proof the operator algebraic methods are minimized. Section 3 is devoted to sufficient 
coarse-grainings. The importance of the multiplicative domain of a completely positive 
mapping is emphasized here. The factorization theorem of Section 4 is the main result 
of the paper. Section 5 connects the exponential families of the quantum setting to 
sufficiency problem. In Section 6 the equality case in the strong subadditivity of the 
von Neumann entropy is discussed in a possibly infinite dimensional framework and 
the factorization result is apphed. 
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In this paper C*-algebras always have a unit I. Given a C*-algebra M., a state 
of is a hnear function C such that ^{I) = 1 = Hv^H- (Note that the 

second condition is equivalent to the positivity of ip.) The books [UIHl - among many 
others - explain the basic facts about C*-algebras. The class of finite dimensional full 
matrix algebras form a small and algebraically rather trivial subclass of C*-algebras, 
but from the view-point of non- commutative statistics, almost all ideas and concepts 
appear in this setting. A matrix algebra M„(C) admits a canonical trace Tr and all 
states are described by their densities with respect to Tr. The correspondence is given 
by ^p{A) = TrD^A {A G M„(C)) and we can simply identify the functional ip by the 
density D^p. Note that the density is a positive (semi-definite) matrix of trace 1. 

Let A4 and Af be C*-algebras. Recall that 2-positivity oi a : Ai ^ JV means that 



a{A) a{B) 
a{C) a{D) 



> 



if 



A B 
C D 



> 



for 2x2 matrices with operator entries. It is well-known that a 2-positive unit- 
preserving mapping a satisfies the Schwarz inequality 



a{A*A) > a{Aya{A). 



(1) 



A 2-positive unital mapping between C*-algebras will be coarse-graining. Here 
are two fundamental examples. 

Example 1 Let A" be a finite set and A/" be a C*-algebra. Assume that for each x & X 
a positive operator E{x) G TV is given and E{x) = I. In quantum mechanics such 
a setting is a model for a measurement with values in X. 

The space C{X) of function on A* is a C*-algebra and the partition of unity E 
induces a coarse-graining a : C{X) Af given by «(/) = f{x)E{x). Therefore 
a coarse-graining defined on a commutative algebra is an equivalent way to give a 
measurement. (Note that the condition of 2-positivity is automatically fulfilled on a 
commutative algebra.) □ 

Example 2 Let Ai be the algebra of all bounded operators acting on a Hilbert space 
H and let Af be the infinite tensor product Ai Cg) Ai . . .. (To understand the essence of 
the example one does not need the very formal definition of the infinite tensor product.) 
If 7 denotes the right shift on A/, then we can define a sequence a„ of coarse-grainings 
AA^Af: 

a^{A):=-{A + j{A) + ... + r-\A)). 
n 

an is the quantum analogue of the sample mean. □ 

Let {Xi, Ai, ^i) be a measure space {i = 1,2). Recall that a positive linear map 
M : L°°(Xi, Ai, Hi) — L°°{X2, A2, IJ'2) is called a Markov operator if it satisfies 
Ml = 1 and /n \ implies M/„ \ 0. For mappings defined between von Neumann 
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algebras, the monotone continuity is called normality. In case that Ai and A/" are von 
Neumann algebras, a coarse-graining Ai ^ M will be always supposed to be normal. 
Our concept of coarse-graining is the analogue of the Markov operator. 

We mostly mean that a coarse-graining transforms observables to observables cor- 
responding to the Heisenberg picture and in this case we assume that it is unit 
preserving. The dual of such a mapping acts on states or on density matrices and it 
will be called coarse-graining as well. 

We recall some well-known results from mathematical statistics, see |2ni for details. 

Let (X, A) be a measurable space and let V = {Pe : 6* G 0} be a set of probability 
measures on {X,A). A sub-a-algebra Aq G A is sufficient for V if for all A ^ A, 
there is an ^Q-nieasurable function such that for all 6, 

fA = Pe{A\Ao) Pe — almost everywhere, 

that is, 

Pe{A nAo)= I fAdPe (2) 
Jao 

for all Aq G Af) and for all 9. It is clear from this definition that if is sufficient then 
for all Pg there is a common version of the conditional expectation ii^5i[(7|^o] for any 
measurable step function g, or, more generally, for any function g G r\0(zQV-{X,A, Pe)- 

In the most important case, the family V is dominated, that is there is a a-finite 
measure such that V <iC /i. The following lemma is a useful tool in examining 
sufficiency. 

Lemma 1 IfVis dominated, then there is a countable subset {Pi,P2. . . .} C P such 
that PeiA) = holds for all 6 e Q if and only if Pn{A) = holds for all n G N. 

It follows that if V is dominated then there is a (possibly infinite) convex combina- 
tion Pq = J2n Cn-Pn, Pn ^ V , SUch that V = Pq. 

For our purposes, it is more suitable to use the following characterization of suffi- 
ciency in terms of randomization. 

Let Vi = {Pifi '■ G 0} be dominated families of probability measures on 
such that Vi = fii, i = 1,2. We say that {X2, A2,V2) is a randomization of 
(Xi, Ai,Vi), if there exists a Markov operator M : L°°(X2, A2, ^12) L'^iXi, Ai, /ii), 
satisfying 

j {Mf)dPe,, = J fdPe,2 G 0, / G L°°(X2, A, P2)). 

If also (Xi, Ai,Vi) is a randomization of (X2, A2, V2), then (Xi, ^1, Vi) and (X2, A2, V2) 
are stochastically equivalent. 

For example, let V = Pq and let ^0 ^ be a subalgebra. Then (X, '^l-^o) is 
obviously a randomization of {X,A,V), where the Markov operator is the inclusion 
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L°^{X,Ao,Po\Ao) L°^{X,A,Po). On the other hand, if Aq is sufficient, then the 
map 

/ ^ E[f\Ao\, E[f\Ao] = EelflAo], Pe - almost everywhere, 
is a Markov operator L°°(X, A,Po) ^ L°°{X, Ao,Po\ao) and 

J E[f\Ao]dP0U = J fdPe if e L^{X,A,Po), 9 e 9). 
We have the following characterizations of sufficient subalgebras. 

Proposition 1 Let V he a dominated family and let Aq A he a suh-a-algehra. The 
following are equivalent. 

(i) Aq is sufficient for V 

(a) There exists a measure Pq such that Pq = V and dPg/dPg is Ao-measurahle for 
all 9. 

(Hi) {X,A,V) and {X, Ao,V\Ao) are stochastically equivalent 

It follows that if P = /X, then the sub-cr-algebra generated by the functions {dPg/dn : 
^ e ©} is sufficient for V, moreover, it is contained in any other sufficient subalgebra 
in A. Such subalgebras are called minimal sufficient. 

Next we formulate a non-commutative setting. Let be a von Neummann algebra 
and M.0 be its von Neumann subalgebra. Assume that a family S :— {(pe : 9 E 0} 
of normal states are given. {Ai,S) is called statistical experiment. The subalgebra 
M.0 C is sufficient for S) if for every a e A4, there is a{a) e Mq such that 

<pg{a) = <peHa)) {9 e O) (3) 

and the correspondence a a{a) is a coarse-graining. (Note that a positive mapping 
is automatically completely positive if it is defined on a commutative algebra.) 

Example 3 Consider a bipartite system Ti. = Ti^ ® 'Hb and a family {ipg : 9 G 0} 
of states on Ti. Assume that the expectation value of all obscrvables localized at A is 
known to us, that is, we know the restriction of (fg^s to B{Ha) (or the reduced density 
matrices). This information is not sufficient in general to decide about 9. We impose 
the further condition that Ha — Hl <8) Hr and the factorization 

(fe = ^e<^ ^RB, 

where (fg is a state on B{1-Ll) and the state ip^s of B{1-Lr) ^ B{T-Cb) is independent of 
the parameter 9. In this case the restriction of the unknown state to BiTii) determines 
the true value of the parameter 9 and ipe is recovered uniquely. 

The subalgebra B{'Hl) is sufficient and the example is close to typical. In the general 
case, however, the relation of the subalgebras B{Hl) and B{Ha) is more subtle. □ 
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The following lemma is a quantum version of Lemma ^ 



Lemma 2 Assume that the von Neumann algebra M. admits a faithful normal state 
tp. Let S = {(pe : 6 G 0} be a family of normal states on M.. Then there is a sequence 
{(Pn) of states in S and a normal state 



oo 

a; = ^ Xn^p 



n=l 



such that suppipg < suppuj for all 6 E Q. 

Proof: Let {pi : i G /} be a set of pairwise orthogonal projections in A4, then 
i^^Pi) > and 'ipiJ^iPi) — therefore any such set must be at most countable. 

We set 

'P = {Pe ■= supp ipg : 6* G 6} 
and show that there is a countable subset {pi,P2, ■ ■ ■} C V, such that snpgPQ = sup„p„ 

Let C be a set of at most countable subsets in V, ordered by inclusion. Consider 
all chains in C, such that if C C -D in the chain, then supC 7^ supD. It is clear 
that each such chain has at most countably many elements. Let {Ci, C2, . . .} be a 
maximal such chain and let C = U„C„ = {pi,P2, ■ ■ ■}■ Then sup„p„ = sup^pe. Indeed, 
if sup„p„ 7^ supgpe, then there is an element p eV, such that supC 7^ supC U {p}, 
which contradicts the maximality of {Ci, C2, . . .}. 

Let now ^1,^2, ... be elements is S such that suppv^n = Pn- Choose a sequence 
Ai, A2, . . . such that A„ > for all n and ^„ A„ = 1 and put = ^ A„(y9„. Then it is 
clear that suppcu = sup^p„ and suppf/^e < suppcj for all 6*. □ 

Throughout the paper, we suppose that the hypothesis of the above lemma is satis- 
fied, that is, the von Neumann algebras considered admit a faithful normal state. The 
algebra B{T-C) satisfies this condition if and only if the Hilbert space Ti is separable. 

When the states ipn belong to S and for 

00 

11=1 

the condition suppipe < suppu; holds for all 6' G 0, we say that S is dominated by 



2 Sufficient subalgebras 

In the study of sufficient subalgebras monotone quasi-entropy quantities could be use- 
ful. The relative entropy and the transition probability are examples of those 

dnmn]. 
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Let Lp and 00 be normal states of a von Neumann algebra and let and be the 
representing vectors of these states from the natural positive cone. Then the transition 
probability is defined as 

In case of density matrices this reduces to Pa{Di, D2) = Tr{Dy^Dl'''^). 

Theorem 1 Let {Ai,{ip0 : 6 G 0}) be a statistical experiment and let Aio G Ai be 
von Neumann algebras. Assume that {ipg : 9 E Q} is dominated by a faithful normal 
state ui. Then the following conditions are equivalent. 

(i) M.Q is sufficient for (i^e). 

(ii) PA{<^e,uj) = PA{ve\Mo,uj\Mo) for all 9. 

(Hi) [DipQ, Duj]t = [D{(pg\A4Q), D{Lj\A4Q)]t for every real t and for every 9. 

(iv) [Difo, Duj]t G M.Q for all real t and every 9. 

(v) The generalized conditional expectation : M. ^ M.q leaves all the states ipg 
invariant. 

Note that condition (iii) is formulated in terms of Connes' Radon-Nikodym cocy- 
cle and the generalized conditional expectation appearing in (iv) is discussed in the 
appendix. 

The theorem is essentially Thm 9.5 from ^3] and we give the detailed proof in the 
finite dimensional situation. The following two lemmas will be used. 

Lemma 3 Let T : B{l-C) B{1C) be a coarse-graining sending density matrices to 
densities. Let Di and D2 be density matrices acting on the Hilbert space Ti. Then 

Pa{Di,D2) < PAiT{D,),T{D2)) 

Proof: On the Hilbert space B{T-C) one can define an operator A as 

Aa = D2aD^^ (a G B(n)), 

where the generalized inverse D^^ is determined by the relation DiD^^ = D^^Di = 
supp-Di. This is the so-called relative modular operator and it is the product of 
two commuting positive operators: A = LR, where 

La = and Ra = aD^^ (a G B(T-C)). 

We have 

PAiD,,D2) = {Dl/\A'/'Dl^'). 
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Set 

Aa = D2aD^^ (a G B{n)) and Aqx = T{D2)xT{Di)-^ {x E fi(/C)). 

A and Aq are operators on the spaces BiTi) and B(JC). (They become Hilbert space 
with the Hilbert-Schmidt inner product.) The transition probabihties are expressed by 
the resolvent of relative modular operators: 

Pa{T{D,),T{D2)) = (T(Di)i/2^AfT(Di)V2) 

= - t-^/^ -e'\T{D,f'\{Ao + t)-^T{D,fl^)dt 



where the identity 



is used. Let us define the operator 

V{xT{D,f/^ + i) = T*{x)D\'^ (4) 
where ^ G \B{K,)T{DiY^'^]-^ . Then is a contraction: 

\\T*{x)D\''^\\^ = TrDiT*{x*)T*{x) < TrDiT*{x*x) = TrT{Di)x*x = 



\xTiD,y/Y<\\^TiD,y/' + a 



2 



since the Schwarz inequality is applicable to T*. Let now pi = suppDi and qi = 
suppT(Di). Since T* is unital, = TrT(Di)(l —qi) = TrDi{l — T*{qi)) and therefore 
Pi < T*{qi). The Schwarz inequality (0) now implies 

{V{xT{Diy^^ + 0, AV{xT{Diy^^ + 0) = TrD2T*{x)piT*{x*) < TrD2T*{xqiX*) 
= {xT{D,f'\A,xT{D,f/') < {xT{D^y/' + ^,Ao{xT{D,)'/' + 0) 

where the last inequality follows from 

{AoxT{Diy/\0 = {T{D2)xT{D,)-'T{D,Y'\i) = 

It follows that 

V*AV < Ao . (5) 

The function y h-* {y + is operator monotone (decreasing) and operator convex, 
hence 

(Ao + 1)-^ < iy*Av + 1)-^ <V*{A + tyW (6) 

(see 0). Since VT{Dif/'^ = D^^, this implies 

(L>f , (A + t)-'Dy') > {T{D^f\ (Ao + t)-'T{D,f' . (7) 
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By integrating this inequality we have the monotonicity theorem from the above inte- 
gral formulas. □ 

Condition (i) implies that PA{(pe,uj) = PA{'^e\.Mo,uj\J^o) due to the monotonicity 
of the transition probability under completely positive mappings. Indeed, if a leaves 
all ife invariant, then uj o a = u. 

Now we are in the position to analyze the case of equality. 
Lemma 4 // 

then 

T*{T{D2fT{Di)-'')pi = , 

where pi = supp Di . 

Proof: From the integral formula for the transition probability we have 

(T(A)^/^ F*(A + t)-WT{Dif'^) = {T{Diy/\ (Ao + t)-^T{Diy^^) . (8) 
for all t > 0. This equality together with the operator inequality © gives 

y*(A + t)-'Dl^^ = (Ao + t)-iT(Di)i/2 
for all t > 0. Differentiating by t we have 

V*{A + t)-^D\'^ = (Ao + t)'^T{Dif'^ (10) 

and we infer 

\\V*{A + t)-^D\'^\\^ = {{Ao + t)-^T{Diy/^,T{D,y/^) 

= ii(A+t)-iD;/'f 

When \\V*^\\ = ||^|| holds for a contraction V, it follows that VV*^ = ^. In the light 
of this remark we arrive at the condition 

VV*{A + t)-^Dl^^ = (A + t)-^Dl^^ 

and 

V{Ao + t)-^T{D^y/^ = VV*{A + t)-^Dy^ 

= iA + ty'D^^ 

By Stone- Weierstrass approximation we have 

Vf{Ao)T{D,y/' = f{A)D\" (11) 

9 



for continuous functions. In particular for f{x) = a;** we have 



(12) 



This condition is necessary and sufficient for the equality. 



□ 



The previous lemma shows that condition (ii) implies (iii) and it is clear that (iii) 
implies (iv). We prove that (iv) implies (i). 

Let A4i be the subalgebra generated by {[Dipg, DLu]t, t e M} and let cui, (p\ be the 
restrictions of u, (pe to Mi- Then [Dlpq, Dj\t satisfies the cocycle condition for cr^^ and 
therefore there is a weight '4> on M.-i, such that [D'^, Duj]\t — [D(p0, Duj]t. 

On the other hand, A^i is invariant under the modular group cr^, hence there exists 
a conditional expectation F : — > A^i preserving cu and 



It follows that ijj o F — (fig, therefore ijj — ipi and F preserves also ipo- 

Let now (iv) be satisfied, then M.i C Mq. The conditional expectation F is a 
coarse-graining M. M.o preserving all (pe and (i) follows. 

Next, we want to show that (iii) imphes (v). Let E : M. ^ Mq be the trace 
preserving conditional expectation. Then the generalized conditional expectation E^J : 
M Mq acts as 



[Dil^ o F, Duj]t = [Di;, Dcui]* = [Dipe, Duj]t, Vt 



E^{a) = E{D)-^'^E{D^I''aD^'^)E{D)-^l'' 



We have to show that 



TrE{De)E^{a) = TrDga 



which is equivalently written as 



TrE{DeY/^E{D)-^'^E{D^'''aD^'^)E{D)-^'^E{DeY'^ = TrDea 



By analytic continuation from condition (iii), we have 



E{Dey/'E{D)-^/^^DfD-'^' 



It follows that 



TrE{De)EM 



TrE{Dey/^E{D)-^/^D^/^aD'/^E{D)-^/^E{Dey/^ 
TrL'ei^-V2L»V2a^i/2^-i/2^i/2 ^ ^^^^^ 



The imphcation (v) (i) is trivial. 



□ 
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3 Sufficient statistic and coarse-graining 



A classical sufficient statistic for the family P is a measurable mapping T : (X, A) — > 
{Xi,Ai) such that the generated sub-a-algebra T^^{Ai) C ^ is sufficient for V. To 
any statistic T, we associate a Markov operator 

f : L°-{X,,A,,P^)~^L'^{X,A,Po), {Tg){x)=g{T{x)) 

Obviously, (Xi, ^i, V^) is a randomization of (X, A, V). As in the case of subalgebras, 
we have 

Proposition 2 The statistic T : (X, ^) {Xi,Ai) is sufficient for V if and only if 
{X,A,V) and {Xi, Ai,V^) are stochastically equivalent. 

Proposition 3 (Factorization criterion) Let V <sC ^. The statistic T : (X, ^) 
(Xi, ^i) is sufficient for V if and only if there is an A\-measurahle function ge for all 
9 and an A-measurable function h such that 

dPg 

— — (x) = gg(T(x))h(x) Pg — almost everywhere 
dfJL 

Let A/", M. be C*-algebras and let cr : N ^ M. he coarse-graining. We say that 
a is sufficient for the statistical experiment (A^,(y90) if there exists a coarse-graining 
[3 : M. ^ N such that lpq o a o [3 = Lfg ioi every 6. 

Let oj = J^n'^nfn bc the normal state obtained in Lemma El and let p = supptu, 
q = supp u oa. Let us define the map a : qAfq pAip by a{a) = pcr{a)p, then a is a 
coarse-graining such that ipg ocr(a) = ipg oa{qaq) for all 9 and a* = cr*, where the dual 
cr* is defined in the Appendix. We check that a is sufficient for {pA4p,ipe\pMp) if 
only if cr is sufficient for {A4,(pg). Indeed, let P : pj^p qAfq be a coarse-graining 
such that (felpMp o « o /3 = (pg\pMp and let P : A4 Af he defined by 

/3{a) = l3{pap) + Lu{a){l - q) 

Then /? is a coarse-graining and 

o cr o p{a) =(peo (j{q(3{a)q)) = ipe o a o (3{pap) = (pe{pap) = ipe{a) 

The converse is proved similarly, taking (3{a) = ql3{a)q for a G pAip. Therefore we 
may, and will, suppose that both uj and uj o a are faithful. 

Let us recall the following property of coarse-grainings. 

Lemma 5 Let Ai and M he C*-algebras and let a : A/ ^ A4 be a coarse-graining. 
Then 

Afa '■= {a E Af : a{a*a) = a{a)o'{a)* and a{aa*) = a{a)*a{a)} (13) 
is a subalgebra of Af and 

a{ab) = a{a)a{b) and a{ha) = a{b)a{a) (14) 
holds for all a G Afa and b G Af. 
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Proof: The proof is based only on the Schwarz inequahty 

a{x*x) > cr(a;)*o"(x). 

From this we have 

t{(T{a)a{b) + a(6)V(a)*) = a{ta* + hfaita* + 6) - t^a{a)a{a)* - a(6)V(6) 

< a{ta* + 6)V(ta* + 6) - tV(aa*) - (t(6)V(6) 
= t(T(a6 + 6*a*) + (t(6*6) - (t(6) 

for a real t and a G Ma- Divide the inequality by t and let t ±00. Then 

a{a)a{b) + o-(6)*o-(a*) = a{ab + b*a*) 

and similarly 

a{a)a{b) - (T(6)V(a)* = a{ab - b*a*). 
Adding these two inequalities we have 

a{ab) = cr(a)(j(6). 

□ 

We call the subalgebra AC the multiplicative domain of cr. 

Let now Af and A4 be von Neumann algebras and let be a faithful normal state 
on Ai such that a; o a is also faithful. Let 

J\fi = {ae M, 0-* o o-(a) = a} 

It was proved in ^\ that A/i is a subalgebra of AC, moreover, a G A/i if and only 
if a{a*a) = a{a)*a{a) and o"(o"^°°"(a)) = cr^((T(a)). The restriction of cr to A/i is an 
isomorphism onto 

Mi = {be M, aoalib) = b} 
The following Theorem was proved in |17 in the case when ipg are faithful states. 

Theorem 2 Let M. and M he von Neumann algebras and let a : J\f —>■ Ai be a coarse- 
graining. Suppose that {Ai,(f0) is a statistical experiment dominated by a state uj such 
that both UJ and u o a are faithful and normal. 

Then following properties are equivalent: 

(i) (y{N'a) is a sufficient subalgebra for {M.^ip0). 
(a) a is a sufficient coarse- graining for (A/l,(y9e). 
(iii) PAiVe, t^) = PAiVe o a, o cr) 
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(iv) a{[DLpe oa,Dujo a]t) = [Dipe, Dujt 

(v) M.I is a sufficient subalgebra for {A4,Lp0). 

(vi) v^e o (T o a* = ipe- 

Proof. Suppose (i), then there is a coarse-graining 7 : ^ a{Ma), preserving Lfg. 
It is easy to see that the restriction of a to AC is invertible. Let a be the inverse of 
this restriction and put 

/3 = a o 7 

Then (3 : M. ^ M is a, coarse-graining such that (pg o a o j3 = ipg and (ii) is proved. 

The imphcations (ii) (iii) and (iii) — (iv) follow from Lemmas El and lU 

Suppose (iv) and denote Ut = [Dipg o a,Duj o a]t, Vt = [Dipg, Du]t. Then we have 
a{ut) = Vt for all t. Let pg = supp (fg, qg = supp ipg o a. Putting t = in the condition 
(iv), we get a{qg) = pg and 

<7{utu*) = a{qg) =pg = Vtv* = a{ut)(y{uty 

On the other hand, a{ut)*a{ut) < a{ulut) by Schwartz inequality and from 

uj{(j{uty(y{ut)) = uj{v^vt) = u{at{pg)) = u{pg) 

ij{a{ulut)) = uj o a{u^Ut) = u o o{o^°''{qg)) = u{pg) 

we get a{ulut) = a{ut)*a{ut). Hence Ut G a{Na) for all t. Further, by the cocycle 
condition and Lemma El 

therefore Vt E Aii and by Theorem ^ A^i is sufficient and (v) is proved. As A^i is a 
subalgebra in a{Afa), this implies (i). 

Finally, we prove that (ii) is equivalent to (vi). First, note that a coarse-graining is 
sufficient for {A4,(pg) if and only if it is sufficient for {A4,ipg), where 

ijg = Eifg + (1 - e)LJ 

for some < e < 1. 

As the states ipe are faithful and u = Xni'n, it follows from the results in jUj 
that a is sufficient if and only ii ipg o a o = ipe for all 9. Since, by definition, 
u o a o = UJ, this is equivalent to (vi). □ 

Let Aio C Al be a subalgebra. From the above theorem, together with the remarks 
preceding Lemma El we have a generalization of Theorem Q to the case that supp u = p 
and suppci;|A^(, = q. Namely, Aio is sufficient for {A4,ipg) if and only if the coarse- 
graining a : sqM-oq pM.p, a{qaq) = pap is sufficient for the restricted experiment. 
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Remark. Let S{ip,u) be the relative entropy and suppose that S{(pg,u) is finite for 
all 6. Then the condition (iii) can be replaced by 

S{ipg,Uj) = S{ipg oa,ujoa) 

This can be proved similarly as for the transition probability, using the formula 

poo 

\ogx= (l + t)-^ - {x + t)-^dt. (15) 
Jo 

The equality in inequalities for entropy quantities was studied also in [20]. □ 

The previous theorem applies to a measurement which is essentially a positive map- 
ping M ^ M. from a commutative algebra. The concept of sufficient measurement 
appeared also in . For a non-commuting family of states, there is no sufficient mea- 
surement. 



4 Factorization 

Let be a von Neumann algebra and let be a faithful state on M.. Let TWq C M. 
be a subalgebra and assume that it is invariant under the modular group of uj. Let 
M.I = /A'qT] M. be the relative commutant. We show that A^i is invariant under cr^ 
as well. If a G Aio and 6 G A^i, then for t G M, we have 

aa^ib) = at{a-_,{a)b) = ^iba^-M)) = <(&)a 

Hence Aii is invariant under a^. Let c^o, uJi be the restrictions of uj to Aio and Aii. 
Then ct'^Imo = '^t° ^"^^ '^iImi = (^i^ known facts in modular theory. 

Recall that the entropy of a state (f of a C*-algebra is defined as 
S{^) := sup I ^Ai5(v?i||<^) : ^<^i = <^|, 

i i 

see (6.9) in For the sake of simplicity, we will suppose in the rest of this section 
that the state u has finite von Neumann entropy ^(a;). Then Ai must be a countable 
direct sum of type I factors, see Theorem 6.10. in ^21- Let r be the canonical normal 
semifinite trace on A4 and let be the density of u with respect to r, then 

a-ia) = D^^aD-^\aeM. 

As the subalgebras Aio and Aii are invariant under cx^, we have by Proposition 
6.7. in [13] that S'(ci;o), S{lui) < S{uj) < oo. It follows that both M.q and TWi must be 
countable direct sums of type I factors as well. 
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Let G A^o and D^^ G A^i be the densities of ujq and uoi with respect to the 
canonical traces Tq := t\M.q and Ti := r|A^i. Then for a G A4o, 

It follows that Wt := D^l^D^^ is a unitary operator in A^i and the operators 
and commute for all t, s G M. It is easy to see that Wt is a strongly continuous 
one-parameter group. Moreover, we have for a G A^i, 

Therefore, the unitary Zt = D^l^Wt is in the center oi M.i. Again, Wt and W^^i commute 
for all t, s and it is easy to see that Zt = -2** for some positive element z in the center 
of A^i. Putting all together, we get 

D^ = D^,D^,z (16) 



The following theorem is a generalization of the classical factorization theorem. 

Theorem 3 Let {Ai,S) be a statistical experiment dominated by a faithful normal 
state uj such that S{uj) < oo. Let Aio d M. be a von Neumann subalgebra invariant 
with respect to the modular group a^. Then M.q is sufficient for S if and only if 

Dg = DoflD^.z, (17) 

where Dg, Dg o and D^^ are the densities of ipg, v^^Ia^o ^^'^ c^^lA^o H A^, respectively 
and z is a positive operator from the centre of Ai'^ fl M.. 

Proof. By the assumptions and (HH), we have D^^ = D^*^/}^*^^;**. If A^o is sufficient, 
then 

ut := DfDZ'' = [D^e,Duj]t = [Dipg\Mo, DuJo]t = Dgl,DZ^\ 

hence Df = UtD'^ = Df^D^^^z^^ and (HH) follows. 

Conversely, let (fTTjl be true, then ut = Dg^D^^^ and Aio is sufficient. □ 

The essence of the factorization ()16p is that the first factor depends on 6 while the 
others do not. 

From Theorem Q (iv) , it follows that the subalgebra generated by the partial isome- 
trics {[Difg, Duj]t : t G M} is minimal sufficient, that is, it is sufficient and contained 
in any sufficient subalgebra. Moreover, it is invariant under af. We will denote this 
subalgebra by Al^. By Theorem we have the decompositions: 

Dg = Ds,gDnZs, D^ = Ds,^DrZs (18) 

where Dgg, Dg,^ are the densities of the restrictions ^g\Ms ^\ms "with respect 
to the canonical trace r^, it will be called the iS-decomposition. The next Theorem 
shows that each decomposition of the form (fTTj) is given by an invariant sufficient 
subalgebra and (jl8|l is the maximal one. 
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Theorem 4 Let us suppose that there is a decomposition Dq = LqR, with some positive 
operators Lg, R in A4, such that suppR = I and R commutes with all Lq. Let 
be the von Neumann algebra generated by {Lg : 9 G O}. Then M.l is sufficient and 
invariant under af . Moreover, 

Lg = DsfiRo , 

where Dgfi is given by M^) and Rq ^ Aii is a positive element commuting with all 
Ds,e- 

Proof. We have = J2n ^nDg„ = X]„ KLg„R, hence J2n converges strongly 

to some positive operator L^^ E JUl, such that = L^R. For a G A^l, we get 

D'^aD-^' = Uf,aL-f G Ml 

and A^i, is invariant under af . It follows also that there is a density operator D^^^ G 
M.L oi the restriction ujl := ujIml^ such that D^^^c = L^ for some c G Ai'i fl 
Moreover, it is easy to see that A4s C A^l, so that A^l is sufficient and the densities 
of ^oIml satisfy 

Df^^d' = [D^elM^DcuLW^^d' = [D^g,Du;]tL^ = Lf 

By Theorem El there is a decomposition Dg ^ = Dg gDjiiZi, such that DrlZl G 
AI5 n Ai^. Putting all together, we get 

Lg = Dg^LC = Ds^gRo 

where Rq = Dr^lZlc G M'g n AIl. □ 

It is easy to see that the 5-decomposition is, up to a central element in Ai^, the 
unique decomposition having the property described in the previous theorem. 

Keeping the assumptions of Theorem 13 let us suppose that Jv[ acts on some Hilbert 
space Ti. The relative commutant Ai^ := Ai^fl Al is a countable direct sum of factors 
of type I, hence there is an orthogonal family of minimal central projections Pn such 
that X^^Pn = 1- Therefore, zg = Ylm^nPm with some z„ > 0. Moreover, there is a 
decomposition 

^ = 0^n®^n, Pn-. H ^ ® (19) 

n 

such that, up to isomorphism, 

n 
n 

From Dr G M% and Ds,e G Ms ^ {M%)', we have 
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where is a density operator in B{7i^), Dn{0) is a density operator in B{7i^) and 
c^, c^{0) > 0. From this and (fTHj) . we get the following form of the iS-decomposition 

De = Ds,eDRZs = ZuPuDs^bPuDr = Sni0)Dni0) ® , (20) 

n n 

where Sn{0) > for all 6, n. Clearly, this decomposition is unique, up to isomorphisms. 
It is also clear that Sn{0) = r^DgPn) = (pg{pn)- 

In particular, each statistical experiment {B{T-C),S), dominated by a faithful state 
with finite entropy, defines a decomposition of the form (|T9|l of the Hilbert space Ti, 
which is up to isomorphisms unique. Note also that if the dimension of Ti. is finite, then 
it can be shown from Theorem |3] that ()2()|1 gives the maximal decomposition, obtained 
by Koashi and Imoto in [H]. 

Theorem 5 Let K, and Ti he Hilbert spaces and let {B(T-C),S) be a statistical experi- 
ment, dominated by a faithful state u with Siu) < oo. Let a : B{JC) B(H) be a 
coarse- graining and let {B{}C),Sq) be the experiment induced by a. Then the following 
are equivalent. 

(i) a is sufficient for {B(T-C),S). 

(a) Let be the decomposition ofTi given by {B(H),S). There is a decomposition 

^ — ©n ® '^^^c/i that if Qn '■ /C — *• /C^ ® IC^ is the orthogonal projection, 

then = p„. Moreover, there are unitaries Un '■ JCn '^n ^'^^ coarse- 

grainings a„^2 '■ B{1C^) B{7i^) such that the restriction an '■= a\qnB{lC)qn 
has the form 

Oin = ai,n ® a2,n, ai,n(a) = UnaU*, a e B{IC^) 

(Hi) Let Dg = DgfiDjiZR be the S- decomposition. The density Dq q of (pg o a has the 
form 

Defi = Lgfia*{DRZR). 
where Lg o G -B(/C) is a positive operator satisfying a^Lg o) = Dg g. 

If any of the above conditions is satisfied, then the Sq- decomposition of the densities 
Dgfl is 

Dgfl = a:iDs,e)a*{DRZR) = Y,MPn)KDn{e)Un ® al,,{D^) (21) 

n 

Proof. Let J^s C B{7{) be generated by {[Dipg, Duj\t : t G M}, note that in this 
case Ms = (M^)' and M% = M'^. 

Let us denote by Afs^ C B{}C) the subalgebra generated by {[D{ipg o a),D{u! o 
a)]t, t G M}. If a is sufficient, then by Theorem|21 N'so is in the multiplicative domain 
of a and the restriction a\J\fs is a *-isomorphism A/^Sq onto Ms- Hence, Msq has 
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the same structure as Ais- Namely, there is an orthogonal family of minimal central 
projections {g„} in Af^^ such that g„/C = /C^ ® /C^, 

and a{qn) = Pn- Moreover, there are unitaries Un '■ /C^ Ti.^, such that if a G A/^g, 
a = Y,n ® IicR for some a„ G -B(/C^), then a(a) = X]„ UnO-nU* ® In^- 

Let 6 G AT^,,, then for a G A<5, 

a;(6)a = a{b)a{a~^{a)) = a{ba~^{a)) = a{a^^ {a)b) = aa{b) 

so that a{b) G AA'g. Consequently, aipq^) = a{b)pn G AAgPn and if bn G B{IC^), then 
a„(/;cL (g) 6„) = /^^L (g) 6^ for some 6^ G BiTi^). It is clear that the map a2,n : bn ^ b'^ 
is a coarse-graining BiJC^) — ^ BiTi^). We also have 

a„(a„(g)6„) = an{{an®IjcR){IjcL®bn)) = an{an®lK.R)(^n{lK:L®'bn) = UnanU*^a2,n{bn), 
hence a„ = q;i^„ a;2,„ and (ii) is proved. 

Conversely, let (ii) be satisfied and let a G Ais- Then a = J2n and a = a{b) 

with b = J2n^n ® Ifc^, bn = U*anUn- Clearly, a{b*b) = a{b)*a{b), a{bb*) = a{b)a{b)* 
and therefore b is in the multiplicative domain. By Theorem |21 (i) , « is sufficient for S 
and (i) is proved. 

To prove (i) — > (iii), suppose that a is sufficient, then by the first part of the proof 
of (n), A/^o is a countable direct sum of type I factors and, moreover, if r^^ is the 
canonical trace on J\fso, then ts^ = ts o a. We have the iSo-decomposition 

where Ds^fi is the density of ife o alA^o with respect to ts^- For a G A/^o; (^{o) ^ 
and 

Tsoi.Dso,ea) = ^eiaia)) = rsiDs,eaia)) = Ts{a{a*^{Ds^e))aia)) = r5„(a* (L>5_e)a), 

hence Dso,e = ctw{.Dsfi) and ai^Dsofi) = Dsfi- Further, let a G B{)C), then 

TrDg^oa = TrDga{a) = Tra{Dsa,e)DRZRa{a) = TrDs^fio" {DRZR)a 

and (in) follows, with Lqa = Dgf^^e- 

Conversely, suppose (iii) and let a G B{]C), then 

TrDg^oa = TrLefia*{DRZR)a = Tra{aL0^o)DRZR 

On the other hand 

TrDe^a = TrDea{a) = Tra{a)a{Lefl)DRZR 
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In particular, by putting a = Lg^, we get 

Tr(a(L^ o) - a{Leflf)DRZR = 

From this and Schwarz inequality, we get 

W'/\a{Ll,)-a{Lo,of)W'/' = 

where W = DrZr is positive, suppW^ = 1. Consequently, a{Ll^ = a^Lg o)^, hence 
Lgfi is in the multiplicative domain. Since D^^e = tt(-^e,o) generates Ais, this implies 
that a is sufficient. 

It remains only to prove the second half of (pT|l . which follows easily from (ii). □ 

Corollary 1 Let Ti and K, he finite dimensional Hilbert spaces. Let {B{T-l),S) be a 
statistical experiment dominated by a faithful state uj and let M9\} be the corresponding 
decomposition ofH. Suppose that a : -B(/C) B(Ti.) is a completely positive map, 
with the Kraus representation a{a) = ■ Then a is sufficient for {B(H),S) if 

and only if there is a decomposition /C = ^„ /C^ ® /C^ and 

n 

where Un '■ JC^ Ti.^ are unitary and : /C^ are linear maps such that 

Proof. Note ffist that S{uj) < oo, so that the conditions of Theorem El are satisfied. 
It is clear that if Vi have the above form, then the restrictions 

an = a\B{K,^ (g) IC^) = ai-a ® a2,n, 

with ai^„(a) = UnCiU* and Q;2,n(a.) = J2i ^i,nC'^i n- By Theorem El (ii), a is sufficient. 

Conversely, if a is sufficient, then there is a decomposition /C = 0„/C^ ® /C^ and 
the corresponding projections g„ satisfy a(g„agm) = Pn(y.{a)pm- Consequently 

a{a) = ^p„a(^^gfeag,jp^ = ^Pna{qnaqrn)Pm = ^ ( 5Z ^™^»*^™) 

n,m k,l n,m in m 

Let V,,n := PnV.qn, then : B{JC^) ® 5(/C«) ^ B{ni) ® B{n^) and 
J2 Vi,naV*n = «n(a), a G 5(/C^) ® 5(/C^). 

i 

By TheoremEl there are unitaries f/„ : /C.^ — > Ti^ and coarse-grainings a2,n : -B(/C.f ) — »• 
B{TCn) S:uch that a„ = ai,n®a2,n5 in fact, it is easy to see that a2,n have to be completely 
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positive. This implies that there are hnear maps Ki^^ : /C^ H^, J2i ^i,nK*n = ^h^, 
such that 

«n(a) = ® Ki^n)a{Un ® Ki^nT 

i 

is another Kraus representation of a„. Hence there are {/^"j}, '^il^fjfii^k — ^hk, such 
that Vi^n = Un® Ylij f^7,j^j,n- Similarly, there are Uij, i^iji^i^k = 8j,k, such that 

j n n 

where Li,„ = J2j,k ^idf^lkKk,n- □ 
As another corollary, we obtain a result previously proved in [Hj. 

Corollary 2 Under the assumptions of Corollary suppose that IC = Ti. Let Dg = 

J2n fd{Pn)Dn{0) ® he the S- decomposition. Then ifgo a = ipe for all (po E S if and 
only if 

n 

where J2i Li,nL*j^ = I-j-ir and Li^n commutes with for all i, n. 

Proof. Let a satisfy ipe o a = ipe for all 6*, then a is obviously sufficient and by 
Corollary □ Vi = Y.nUn® Li,n- On the other hand, by (ET|l . 

n 

and therefore ?7„D„(^)f/* = Dn{9) and al^{D^) = Y.iLlnDnLi,n = for all 6 and 
n. By construction of the 5-decomposition (j^ . the operators Dn{9) generate B{H^), 
hence Un = • Moreover, the operator is in the fixed point space of ctg „ if and 
only if it commutes with the Kraus operators for all i, 

The converse statement is obvious. □ 



5 Exponential families 



A set of measures V = {Pg, 6 G 0} « yU is an exponential family if there are 
functions ^i, . . . , : — M and measurable functions Ti, . . . , : X — M such that 
for all ^ G e 

dPe, 



i^exp (^J^T^ix)^ h{x). 



dfi ' ' z{e) 

In this case, all elements in V are mutually equivalent. 
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It is immediate from the factorization criterion that the statistic T = (Ti, . . . ,Tm) 
is sufficient for V. Moreover, it is minimal sufficient if the functions {l-p,(^i, . . . ,^m} 
are hnearly independent. 

Let "P be a family of measures such that the elements are mutually equivalent. Then 
V is an exponential family if and only if the linear space spanned by the functions 
{log P G "P}, is finite dimensional. 

In the non- commutative case, let us assume that is a state of the finite dimensional 
algebra M. and assume that the density of uj is written in the form exp H, H = H* G 
Ai. Determine the states ifg by their density 

exp(g + E.e.W«^) .... 

m ' ^ ^ 

where ^i, . . . , : ^ ffi are functions, ai, 02, . . . , are self-adjoint operators from 
A4 and Z{6) is for normalization. We call ()22j) quantum exponential family around 
u. One can always assume that uj{ai) = in (j22|) . 

The next example tells us how the exponential family arises. 

Example 4 Let ai, 02, . . . , ctm be self-adjoint operators from an algebra Ai and assume 
that the density of a state u is written in the form exp if, H = H* G A4, moreover 
uj{ai) = 0. If G is a small neighborhood of G M", then minimization of S{tp, u) under 
the constraints ip{ai) = 6i {6 = (6'i, 62, ■ ■ ■ , On) G 0, 1 < i < n) gives a state Dq which 
is of the form (j^^ and we arrive at an exponential family. The functions ^i{0) are 
determined by the constraints 



i^Trexp|^if + ^e.Wa.j 



Z{ 

which has a unique solution if 6j are small enough. □ 

Let Ai he a von Neumann algebra and u; be a normal state. For a G define 
the state [u"'] as the minimizer of 

i) ^ S{ip,uj) -ip{a). (23) 

If the density of a; is e-'^, then the density of [u"'] is nothing else but 

exp {H + a) 
Tr exp {H + a)^ 

therefore we can extend the above concept of exponential family as 

9 ^ ^g := (24) 

where ai, 02, . . . , a„ are self-adjoint operators from Ai. Note that the support of the 
above states is suppcu. For more details about perturbation of states, see Chap. 12 of 
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but here we recall the analogue of ()22|) in the general case. We assume that the 
von Neumann algebra is in a standard form and the representative of is from the 
positive cone. Let A^^ be the modular operator of u then (pe of pH) is the vector state 
induced by the unit vector 



exp \ log A^ + Y.i (^iO-i) ^ 



exp i ( log A,^ + Oi^i ) ^ 



(25) 



(This formula holds in the strict sense if uo is faithful, since is invertible in this case. 
For non-faithful uj the formula is modified by the support projection.) 

In the next theorem denotes the modular automorphism group of tu, cr^(a) = 
AjiaA-'*. 

Theorem 6 [15] Let M. he a von Neumann algebra with a faithful normal state uj and 
M.Q he a suhalgehra. For ai, 02, . . . , a„ G ^™ the following conditions are equivalent. 



(i) M.0 is sufficient for the exponential family \24^ 

(a) (T'l'{ai) G Mo for allt eR and 1 <i <n. 

(Hi) For the generalized conditional expectation E^^ : A4 
1 < i < n. 



Aio E^{ai) = ai holds, 



Let us denote by c{uj, a) the minimum in (jSHl), that is, c{uj, a) = S{[uj"-],uj) — [uj"-]{a). 
Then 

c{uj,a) = -loga;'^(l), 

where u"" is the positive functional induced by the vector exp ^^log A^^ + a^Q. The 
function 9 ^— c{uj, Yli^i'^i) is analytic and 



d 



36, 



'3)1 



for all6' and j 



Theorem 7 Let M , M. he von Neumann algehras and let a : M ^ M. he a coarse- 
graining. Let uo he a faithful normal state on M and suppose that uoq := uj o a is also 
faithful. Let ipe, 9 G Q he the exponential family Lfo = for bi, . . .bk G A^*°. 

Then a is sufficient for {Ai, ifg) if and only ifbi = a{ai), i = 1, . . . ,n for some ai G AA^" 
and ^ 

(26) 



ifg O a 



LU, 







Proof. Let a be sufficient for {M,ip0) and let 

A/l = {a G M, a* o a{a) = a} = {a e Ma, a{crt°{a)) = (7j^(a(a))}. 
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Then a(A/i) is a sufficient subalgebra and therefore crf{bj) G a{Afi) for all t, j = 
l,...,k, in particular, bi = a{ai), at G A/i. Let a{9) = J^j^j'^j consider the 
expansion 



°° ft pt„-i 
= dt,... dt^al{a{a{e)))...al{a{a{e))) 

„-n Jo Jo 



n=0 

Y,^'' / dh... dtM<'i<o))).M<i^m) 

n=0 Jo Jo 



a{[Du;^,^'\Dcuo] 



On the other hand, a is sufficient, therefore [D{p0,u]t G a{Afa) and 

a{[D(p0 o a, DuJolt) = [Dipe, Duj]t 

As a is invertible on jVa, it follows that [Dipg o a,DuJo]t = [D[uJq^^^], DuJo]t and (jSEl) 
follows. 

Conversely, let hi = a(aj) for some G A/" and suppose (j^ . then 

— c(o;o,a(e)) = -[a;o^^^](aj) = -V9e(a(aj)) = —c{uj,a{a{e))) 

for all and j. Putting = 0, it follows that c{uj(),a{d)) = c{u! , a{a{6))) for all 6. 
Hence 

S{(p0, uj) = c{uj, a{a{6))) + (pg{a{a{6))) = c{ujo, a{6)) + ipe o a{a{9)) = S{(pg o a,uj o a) 

and a is sufficient. □ 
Remark. Note that in case Ai = B{T-l), dimTY = n, the condition ()2(j|l reads 

a(loga*(Z:'e) - \oga*{D^^)) = log Dg - logD^, 

where a* is the dual of a with respect to {A, B) = TrA*B. This condition is known 
to be equivalent to sufficiency of a. □ 

Corollary 3 Let Ai be a von Neumann algebra with a faithful normal state uj, M.q a 
commutative subalgebra and \24\) the exponential family for ai, 02, . . . , a„ G M.'^'^ . Then 
M.Q is sufficient for the exponential family if and only if G M.Q and 

ipg{a) = u{exp {Y.fiiO'da) a e M 

Proof. Let Aii be the subalgebra generated by a^{ai), t & R, i = 1, . . . ,n. Then 
All is sufficient, by Theorem IHl Let E : —>■ A4i he the u preserving conditional 
expectation, then E preserves all ipe, by sufficiency (Theorem[T](iv)). If A4o is sufficient. 
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then Ail C A^Q, hence Aii is commutative. Let c^o, ^e,o be the restriction of uj, (fg to 
TWi, then by Theorem [71 

It follows that ioi a E M., 

(pe{a) = v?e,o(-E(a)) = uJo{exp(J2^iai)E{a)) = uj{exp(J2(^iai)a) 

Conversely, let ai, . . . , a„ G Aio and let ipe = ^^(exp J2 ^i'^i) ' ); then the restriction 
of ife to M.Q is the exponential family [a;^^''^*] and M.q is sufficient, by Theorem [3 □ 



6 Strong subadditivity of entropy 

Let 7i = Ha ^Hb® He and let ujabc be a normal state on BiH) with restrictions 
^B,i^AB and wbc- The von Neumann entropies satisfies the strong subadditivity 

S{ujabc) + S{ujb) < S{ujab) + S{ujbc) , (27) 

which was obtained by Lieb and Ruskai [0] . A concise proof using the Jensen operator 
inequality is contained in [THj and [12] is a didactical presentation of the same ideas. 
As we want to investigate the case of equality mostly, we suppose below that all the 
involved entropies are finite. The case of equality was studied in several papers recently 
but always restricted to finite dimensional Hilbert spaces [3 [TU] . Our aim now is to 
allow infinite dimensional spaces. 

The strong subadditivity is equivalent to 

S{ujab,uja<»^^b) < S{ljabc,^^a<^ujbc), (28) 

which is a consequence of monotonicity of the relative entropy. Clearly, the equality in 
is equivalent to equality in which means that B(Ha) ® B{Hb) is a sufficient 
subalgebra for the states ujabc and ua® ujbc- Our results on factorization apply. 

Theorem 8 Let ojabc be a faithful normal state on B(H) such that the von Neumann 
entropy S^uabc) is finite and 

S{ujabc) + S{ujb) = S{ujab) + S{ujbc)- 
Then there is a decomposition Hb = ®n'^nB ® '^nB such that 

UJABC = Yl MPn)Di: ® , (29) 

n 

where G B{Ha) ® B{H^b) ^'^^ ^ B{H^b) ® B{Hc) are density operators and 
Pn G B{T-Cb) cltc the orthogonal projections Hb — > H^b ® '^nB- 
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Proof. Equality in the strong subadditivity is equivalent to sufficiency of the subal- 
gebra B{TCa ®'Hb) ® Cl^ for {B{Tt),S) where S := {coabc, f-^yi ® "^bc}) and the latter 
is equivalent to 

[DuJaBC, DuJA ® ^^Bc]t = [Di^AB, DuJa ® UJB\t ® Ic 

for all t. Let Mb C B(T-Cb) be the subalgebra 

AfB = {be B{nB) : a^^'^ib ® Ic) = (^t^ih) ® Ic for every t G M} . 

Then in follows from the above equality and the cocycle condition that 

[DuAB, D{ujA ® ujB)]t e B{1-La) ® Mb for all t 

and therefore B(Ha) ® A/^ ® Clc is sufficient for S. Since ua ® ojbc is faithful, 
S{uoa ® i^Bc) < oo and clearly dominates S, moreover, the subalgebra is invariant 
under (j'^^'^^bc ^ have by Theorem IHl that there is a decomposition 

Dabc = {Dl®1c){Ia®Dr), 

where Dl E B{Ha) ®J^b, Dr E Af^ ® B{Hc) are density operators. 

On the other hand, Afs is invariant under a^-^, therefore S{ljb\jVb) — S{^b) < oo. 
Similarly as in Section |1[ we obtain a decomposition TCb = ^n'^ns ® '^nB ^^ch that 

AA^ = Bin^^) ® ci^«^ K = ® ci^.^ ® Bin^^) 

n 

and dSni) follows. □ 

The structure (j^^ of the density matrix ujabc is similar to the finite dimensional 
situation discussed in [71 QUI , however the direct sum decomposition may be infinite. 

The theorem is stated under the condition of faithfulness of ujabc- It would be 
worthwhile to weaken this condition. When ujabc is pure the strong subadditivity 
reduces to 

S{ujac) < S{uja) + S{ujc), 

which is simply the subadditivity. The equality holds here if uac = oja® ojc- Since 
the purification of a product state is a product vector, we have the product structure 
ipiljl (without the summation over n). Note that this kind of states were discussed in 
[21J. 

The decomposition ()29|) has a continuous version formulated in terms of direct 
integrals (see for references about the direct integral of fields of Hilbert spaces 
and operators or |221)- Let (X, /x) be a measure space. Assume that for x E X 
density matrices D^{x) E BiJ-tA) ® B{n^{x)) and D^{x) E B{n^{x)) ® BiJ-ic) such 
that n^{x) and (x) are measurable fields of Hilbert spaces and the operator fields 
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D^{x) and D^{x) are measurable as well, x G X. Given a probability density p{x) on 
X 

UABC ■■= [ p{x)D^{x)^D^{x)dfi{x) (30) 
is a density on the Hilbert space Ha ® Hb ® '^^c? where 

:= /" H^(x) ®7i:^(x)d/i(a;). 

Then B{T-Ca) ® B(TCb) is a sufficient subalgebra for the states ujabc and tu^i (S) ujbc- If 
the measure is not atomic, then S{ujabc) = oo. 

7 Appendix 
Dual mapping 

Let Ail and be von Neumann algebras and let a : A^i ^ A^2 be a coarse-graining. 
Suppose that a normal state is given and ipi := o cr is normal as well. 

We assume that both von Neumann algebras are in a standard form and the rep- 
resentative of ifi is $i from the positive cone. From the modular theory we know 
that 

Pi := JiMi^i 
is the support projection of ipi (i=l,2). 

The dual a : P2A^2P2 ^ Pi-^iPi of a is is characterized by the property 

(Ai,Jia(A2)) = ((T(A),J2^2) (31) 

(see Prop. 8.3 in [IH]). The dual of the embedding of a subalgebra into an algebra is 
called generahzed conditional expectation [T]. 
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